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We consider a unitary transfer of an arbitrary state of a two-level atomic qubit in a cavity to the 
finite amplitude coherent state cavity field. Such transfer can be used to either provide an effective 
readout measurement on the atom by a subsequent measurement on the light field or as a method 
for initializing a fixed atomic state - a so-called "attractor state" , studied previously for the case of 
an infinitely strong cavity field. We show that with a suitable adjustment of the coherent amplitude 
and evolution time the qubit transfers all its information to the field, attaining a selected state of 
high purity irrespectively of the initial state. 

PACS numbers: 



INTRODUCTION 

Atom-light interaction in the Jaynes-Cummings Model 
[H has been studied extensively over the last few decades. 
In particular the interaction of a light field initially in 
a coherent state with a single two-level atom in a cav- 
ity attracted much interest, due to counter-intuitive fea- 
tures like the collapse and revival of the atomic energy 
eigenstate oscillations. This effect has been extensively 
studied by Phoenix and Knight and later by Gea- 
Banacloche 0, |3| , who introduced the so-called "attrac- 
tor states". It is with this latter phenomenon that we 
will be concerned. 

Recently, the possibility of attractor states when mul- 
tiple atoms are in the cavity - a case of relevance to quan- 
tum computation - has been studied [5|. These studies 
were undertaken mainly under the assumption of an in- 
finitely strong coherent state. In this paper we will return 
to the case of a single qubit. The idealized process which 
we are interested in is therefore an evolution of an arbi- 
trary qubit state 1-0), coupled by the Jaynes-Cummings 
Hamiltonian to a single-mode field initially in a fixed co- 
herent state \a), such that the atom is left in a final, 
known, fixed state |0) while the field is left in some new 
state I a' (■(/')). That is, ideally we implement the trans- 
formation: 

Such a procedure gives us a way of initializing the qubit 
state |0) (since this is its final state regardless of the 
initial state) or alternatively of making a measurement 
of the state of the qubit. if we choose to now subject the 
cavity field to some type of measurement. 

The above ideal evolution can be achieved if the coher- 
ent state amplitude \a\ goes to infinity 0, 3 - the state 
|0) is then known as an attractor state. The time taken, 
however, is proportional to \a\ and so also diverges. We 
are lead therefore to wonder how well one can do if a is 
finite? This is also of interest for another reason. The 
laser power requirements for a large scale quantum com- 



puter capable of factorising numbers of actual interest 
are prodigious Q. So a general question of interest is 
just how classical do the light fields need to be? This 
question has been considered for the case of quantum 
gates implemented in the Jaynes-Cummings model 0,01- 
In practise, the easiest measurements on light consist of 
photon counting, and we will also investigate how much 
information transfer is achieved when such measurements 
arc performed. Finally, we will propose an iterative pro- 
cedure for initialisation of the qubit. 



JAYNES-CUMMINGS EVOLUTION 

We consider the on-resonant Jaynes-Cummings Hamil- 
tonian in the interaction picture which takes the following 
form: 



Hj = gh{(j+ ® a-\- a- ® a)), 



(1) 



where a± are raising and lowering operators of the two- 
level atom and a and are the annihilation and creation 
operators of the single mode field to which it is coupled. 
The evolution of the state of this composite system can 
be determined analytically. We will focus on the reduced 
density matrix description of the evolution of the atom. 
The overall initial state is separable and given by an ar- 
bitrary qubit state |V'(0)) = Cg\g) -|~Ce|e) which is subse- 
quently coupled to a coherent state |a) — X^i^o V-Pnl^) 
with Pn{o!) ~ e~l"l where from now we take a G IR+ 
without loss of generality. After a time t the components 
{x,y,z) of the Bloch vector r{t) describing the reduced 
state 
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take the form (with scaled time r = gt): 
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INFORMATION TRANSFER TO THE FIELD 
Perfect state transfer to the field 

Let us consider the atomic reduced state for the two 
limits a ^ 1 and a':$> 1. 

For a — )■ the state of the atom asymptotically reaches 
a state of vacuum oscillations: 
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At times fm = tott, to £ N, the system is in its initial 
state with Bloch vector r(r) = (a:(0), 2/(0), ^(O))-'", but at 
times T/j = (A: — i) TT. fc e N, the system evolves into the 
ground state Q^,„^{Tk) = \g){g\ given by r(r) (0, 0, 1)^. 
Since this state is independent of the the initial condi- 
tions, all information has to be transferred to the other 
subsystem, the light field, to conserve the information 
content of the total system. 

For large but finite amplitudes (a 3> 1), the expres- 
sions in ([3]) can be approximated by an approach laid 
out in the appendix. The components are 

x{t) = Xoo cos (^^^ 
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where (xoo, ?/oo, -Zoo) is given by the rotation of the initial 
vector (x(0), 2/(0), z(O))-^ by the angle = 2Ta: 
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The approach taken to arrive at the approximations 
([5]) holds for small ^. Taking a — oo the state becomes 



separable when ^ — {k — tt, k (1 N, In this limit the 
Bloch vector tends to r = (O, (— 1)'^+^, O) , corresponding 
to the attractor states of 0, |j] . Again, this indicates that 
all the information initially contained in the atomic state 
is perfectly transferred to the optical degrees of freedom. 



Information gain by measurement on the field 

We now investigate the quantum information transfer 
from the atom to the light mode occurring for arbitrary 
a, T. For definiteness we will focus on an operationally 
relevant scenario - namely how much information would 
we expect to gain about the atomic qubit's initial state if 
we were to make an (idealized) photon number counting 
measurement on the field after some time tl The average 
information gain /avg is a quantity commonly used [lO[ 
to evaluate the efficiency of a measurement procedure to 
rctrodict the quantum state - its maximum value for a 
qubit initially in an arbitrary state is about 0.2787. 

To derive the average information gain about the 
atomic state for the case of a photon detection measure- 
ment, we do the following. The combined system of qubit 
and field undergoes a unitary evolution given by g^^^'^/f^. 
Then, at the time r, the reduced density matrix of the 
qubit ^ can be also expressed as: 



g..Ut) = £i:„(t)|V(0))(^(0)|/^t(t). 



(7) 
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The Kraus operators Knit) ~ {n\e '^-^'^/'^\a) determin- 
ing the evolution of the state of light have the form: 
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where P„ = ^ttc^" is the probability of measuring n 
photons in the initial state of light \a). Each Kraus op- 
erator is actually the equivalent measurement operator 
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describing the atomic state when a photon number mea- 
surement is performed on the field. Using the above ex- 
pression we can determine the information about the ini- 
tial state of the atom \iIj{9, (p)) gained from the photon 
number measurement of the optical mode that has been 
interacting with the atom for a time t. Here 9 and (f> de- 
note the initial azimuthal and polar angle of the qubit's 
Bloch sphere vector. The conditional probability that 
for such an initial state we will detect exactly n photons 
therefore equals: 

= P„(a)[cos2(0)/i(n,a,r) 
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FIG. 1: Average information gain /^vg as a function of time 
r and amplitude a of the initial coherent state of light. The 
maximum achievable value coincides with the average infor- 
mation gain available in the direct measurement on the qubit. 
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Applying Bayes' theorem 



Pin) 



(10) 



(11) 



for the conditional probability in ([5]), the average infor- 
mation gain in this case is given by: 

4.,(t, a) = - / PiO, log2 iPi9, ^)) 

OO „ 

+ J2P{n) / Pi0,ip\n)\og^{P{e,ip\n)). (12) 

We obtain an expression that can be readily evaluated 
numerically. The average information gain is a function 
of just a and r as all other parameters have now been 
appropriately averaged over. Fig. [T] depicts the average 
information gain against a and r. 

The plot confirms our conclusions based on the studies 
of the special cases. We observe that for certain parame- 
ters it is possible to achieve a maximal information gain 
equal to that of a direct measurement on the qubit. This 
means that the evolution, for particular times, can lead 
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FIG. 2: lavg — max(7avg)f ^ as a function of time r and ampli- 
tude Q of the initial coherent state of light. It follows that 
both for Q ^ 1 and a <S 1 the average information gain 
can be well aproximated by the squared length of the Bloch 
vector. 



to a total transfer of information from the atomic degree 
of freedom to the optical one. 

The first attractor state is a notable feature of the plot. 
It is described by the collection of points (r = Tra, a). 
The second attractor state can be made out as the 
smoothed ridge along (t = 37ra,a). The value of the 
average information gain increases monotonically along 
these lines as a increases, which is to be expected given 
the from of equation ([5]). 

Another feature we observe are the vacuum os- 
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the oscillations of the average information gain I^^^ in 
the mode of light. This indicates that instead of carry- 
ing out numerical analysis one can apply ([T5| to obtain 
nearly identical results. 




FIG. 3: The Bloch sphere projected onto a: = is shown after 
an evolution of r = (4 - vr for a = 0.2, 0.4, 0.6, 0.8 and 1.0 
The contraction for a = 0.2 is so strong that it is not visible 
in this graph. 



dilations. As formula (|4|) suggests, maxima of 
the average information gain occur periodically for 
(r = {k — i) TT, 0) and fc G N. An interesting feature is 
the extent of these local maxima for constant time at in- 
creasing values of a. In the parameter plane these points 
are {t = {k ~ i) tt, a) and fc € N. 

These findings suggest that there are states paramc- 
terised by (t, a) along these local maxima of /^vg which 
are almost separable, i.e. lie in the periphery of the Bloch 
sphere. The question arising is: which almost separable 
states do they represent, since in the low alpha limit they 
become the ground state (|4]) and in the high alpha limit 
they become the attractor states (O? This question is 
addressed in the next sectior^ 

To conclude the discussion of the average information 
gain we would like to point out a useful correspondence 
between the radius of the average state, here given im- 
plicitly: 
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Q^,^^{T,e,<j,)d^l = \{l + {r{T)) ■ a) (13) 



and the average information gain /^^g. 

Fig. [5] shows this correspondence: /^vg can be well ap- 
proximated by ([T^ . The difference /^^g — max(/,^g)(r(T))^ 
is close to zero both for very small and very large ampli- 
tudes a. Only for intermediate values a ~ 1 the differ- 
ence is essentially non-zero. However, even in this case 
the oscillations of the length uniquely correspond to 



QUBIT INITIALISATION 

In this section we perform a detailed analysis of how 
one may unitarily (completely coherently) "pump" an 
atom into a fixed desired state, regardless of its initial 
state. This procedure of "qubit initialization" is impor- 
tant for quantum computing applications, and is nor- 
mally done using incoherent processes and ancillary lev- 
els. We investigate those states that we have identified in 
the previous section as almost separable by means of the 
average information gain. A qubit that can be predicted 
with a high probability to be in a particular state irre- 
spectively of its initial state is effectively initialised. In 
particular we consider iterative procedures for controlling 
the initialization to a wide range of desired states. 

At constant r = (fc — i) tt, fc G N and along a e (0, 1] 
the Bloch sphere contracts down to regions close to the 
periphery in a clockwise or anticlockwise fashion depend- 
ing on k. For fc = 4, i.e. r — |7r, the shrunken Bloch 
spheres for values of a < 1 are depicted in Fig. [31 It can 
be seen that the spheres propagate along the periphery 
from ^^ = 0to(? = 7r/2asa goes from to 1. The prox- 
imity of the spheres to the pure states of radius 1 can 
be ascribed to the high value of the average information 
gain that was found earlier. 

How pure can we get? It would be a desired effect 
in an initialisation procedure for the degree of purity of 
the qubit to be enhanced. We propose to successively 
evolve the system with a specially chosen set of param- 
eters. An interesting case is the iterative application of 
the radiation field with the same set of parameters a and 
T respectively: 
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(14) 



where Kn- = Kn - (r, a) are the Kraus operators which 
only depend on (r, a) for each field i S {1,...,A^} and 
Qo = Patom (0) is the initial state of the atom. 

This procedure is shown in Fig. Slfor a radiation time 
of r = Itt, corresponding to k = 3, and a set of coherent 
amplitudes a G {0.2,0.4,0.6,0.8,1.0}. Three iterations 
were calculated numerically where each column repre- 
sents one iteration and each row a different point of view 
on the Bloch sphere. 

The degree of purity is enhanced with each iteration as 
can be seen clearly from Fig.|4l Similar to the observation 
done for the case of r = ^tt, we see that the attained 
states wander from 6* = to 6* = — 7r/2 as a goes from 
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FIG. 4: Initialisation procedure for r = |7r: Columns corre- 
spond to iteration steps (from left to right: one, two and three 
applications of a field). Every row corresponds to a different 
2D projection of the Bloch sphere (x, y and z respecively) . 



to 1. Thus all states \i>{B)) = cos(6'/2)|0) - f sin(6'/2)|l) 
with Q < 9 < -K /2 are attained approximately. 

The choice of the meridian can also be adjusted by 
the choice of the phase of the complex amplitude 
a = a^e"^. The axis of rotation thus changes from x 
to any axis in the equatorial plane: x cos 4> + y sin 4>. 

By this means an arbitrary state on the ground state 
hemisphere could be achieved as an initial state of a quan- 
tum computation. This is a practical example of the 
generalized SWAP gate that transmits information be- 



tween subsystems of discrete and continuous degrees of 
freedom. 



CONCLUSIONS 

We have investigated the transfer of quantum infor- 
mation between a two-level atom and a single mode field 
for finite field strengths. We focussed on the purity of 
the state of an atom in a coherent field in the Jaynes- 
Cummings-model by means of the average information 
gain for finite values of a in the low and high a limits, 
providing useful analytical approximations where neces- 
sary. This has led us to find states in the ground state 
hemisphere to which an atom can be initialised by choos- 
ing the correct parameters for interaction time t and field 
strength a. Based on these findings we have proposed a 
novel method of "attractor state" style initialization with 
a broader range of possible initialisation states, involving 
the iterative application of the radiation field. 



Appendix 

In the following we will give a derivation of the approx- 
imation ([5]). For large values of a, an approach according 
to Q can be generalized in order to simplify the infinite 
sums to finite expressions. The basis of this method is a 
linear expansion of the frequencies uj{n) around the mean 
photon number a^: 

UJ[Ti) w uj[a ) + —\a2(n — a ) 
an 

= iOo + Pin-a^). (15) 
In the case of a cosine function, this gives 
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where in the second last line an additional expansion e^*^"^ « 1 ± z/3r — was used, which is valid for 
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small |l3| values of /3r. 



which is equivalent to equations 



Using the approximation P„±i ~ ^fP^ and there- 

1 in equations ^ isolates 



fore 
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the interfcrence effect of the different frequencies ^Jn and 
VrT+T to give Bloch components 
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where the frequencies are a;„ = 2-\/n and aj± = yn+Ti 
and the initially pure state is given by xq = 
2Ke{CgCl}, 2/0 = ^2lxa{CgCt) and zq = \Cg\^ - \C,\\ 
Applying (fTO)) to these three equations yields different 
parameters /? for the Gaussian envelopes. Explicitly, they 
are given by 
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For large a, the following approximations are useful: 
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where u)na a-nd correspond to the frequency of the 
oscillation in (|T6)) . The Bloeh components can therefore 
be written as 

( T \ _lg2 2 2 

xMXoCOs\^—je 2^-T " 

1 1 a2 2 2 
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